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<N . Abstract 

The UC hierarchy is an extension of the KP hierarchy, which possesses not only an infinite 
set of positive time evolutions but also that of negative ones. Through a similarity reduction 
we derive from the UC hierarchy a class of the Schlesinger systems including the Gamier sys- 
tem and the sixth Painleve equation, which describes the monodromy preserving deformations 
of Fuchsian linear differential equations with certain spectral types. We also present a uni- 
fied formulation of the above Schlesinger systems as a canonical Hamiltonian system whose 

>-' \ Hamiltonian functions are polynomials in the canonical variables. 
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1 Introduction 

This work is aimed to present a certain connection between infinite-dimensional integrable sys- 
tems of soliton type and finite-dimensional integrable systems of isomonodromic type. The KP 



O 

in 

(Kadomtsev-Petviashvili) hierarchy is, undoubtedly, the most basic one among the former and 
cry 



is a series of nonlinear partial differential equations in infinitely many independent variables x 



(xi,x 2 , Xj,, . . .) that are consistent with each other. It literally includes as the first nontrivial member 
q \ the KP equation 

( i i) IfL = A IK _ l f K _ I d3 f 



Adx2 2 dx\ \dx3 2 dx\ 4dxi 3 

which is a typical soliton equation. If we count the degree of variables as deg x n = n and deg / = 
-2, then both sides of (11.11 ) are equally homogeneous (of degree -6) as differential polynomials 
in / with respect to x n . Every equation of the KP hierarchy is known to be homogeneous, in fact. 
In this sense we may say that the KP hierarchy forms a homogeneous integrable system equipped 
with an infinite set of time evolutions of positive degree. The UC (Universal Character) hierarchy, 
introduced in Il27ll . is an infinite-dimensional integrable system which naturally generalizes the 
KP hierarchy by taking into account the negative time evolutions besides the positive ones while 
keeping its homogeneity. The independent variables of the UC hierarchy consist of two sets of 
infinitely many variables jc and y = (yi,yi,y3, ■ ■ •) with their degrees given as deg x n = n and 
degy„ = -n. In this paper we show that a similarity reduction of the UC hierarchy yields a broad 
class of the Schlesinger systems including the Garnier system and the sixth Painleve equation, 
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which describes the monodromy preserving deformations of Fuchsian linear differential equations 
with certain spectral types. 

We begin by recalling the definition of the UC hierarchy. Let us introduce the commuting pair 
of linear differential operators (called the vertex operators) 



(1.2a) X ± (z) = J] X nZ" = e^-^V^ 2 ' 1 ), 

neZ 

(1 .2b) Y ± (w) = Y Y > n = e^-^e*^'^, 

neZ 

where we have used the notations 

f(x,z) = % Xn z" and 5, = (— ,-—,-— ,...). 

Definition 1.1. For an unknown function t = r(x,y), the simultaneous bilinear equation 
(1.3) J] X;t®XJt= J] Y7 T ®YJt = 

is called the UC hierarchy. 

The UC hierarchy is homogeneous indeed as it has the following scaling symmetry: if r is a 
solution of (11.31) then so is t{cx\, c 2 x 2 , . . • , c~ l y\,c" 2 y 2 , ■ ■ •) for any c e C x . The UC hierarchy is 
regarded as an extension of the KP hierarchy. If r does not depend on y, then the latter equality of 



(|1.3I) trivially holds and the former reduces to the bilinear expression of the KP hierarchy, which 
is due to Date-Jimbo-Kashiwara-Miwa (see flU [13); for reference the variable transformation 
toward the original KP equation, (11.11) . is given by / = 2(d/dxi) 2 logr. We always require the 
solution r = t(jc, y), called the T-function, to be an entire function with respect to each independent 
variable. Note that r-functions are distinguished up to multiplication by constants, as can be seen 
from (11.31) . Concerning the UC hierarchy there is a counterpart of the Sato theory about the KP 
hierarchy; cf. E4ll . That is, the totality of solutions of the UC hierarchy forms a direct product 
of two Sato Grassmannians and the action of its transformation group can be realized by means 
of the vertex operators. For details to [|27ll . Of particular interest is its homogeneous polynomial 
solution, which is a fixed solution with respect to the above scaling symmetry. 

Let A = (Ai,A 2 ,. . ., A[) and jx = Qj.i,fJ.2, ■ • ■ ,fJ-c) be a pair of partitions. Consider the following 
determinant of twisted Jacobi-Trudi type: 

(1.4) S^detK-'^ ;^; 

where h n = h n {x) in e Z) is a polynomial in only jc and is defined by the generating function 

e^ = Y,h n z\ 

neZ 



and h n = h n (y) is exactly the same as h n except replacing jc with y. If fi = then (11.41) reduces 
to the (usual) Jacobi-Trudi formula: S A = S[^ = det(/z /! ._ r+; ), which defines the Schur function 



S A = S A (x). The polynomial S [A ^ = S [A,fi](x,y) is called the universal character and was originally 
introduced by Koike lfT2l in the study of classical groups. It is easy to see that S^] becomes 
a homogeneous polynomial whose degree equals the difference \A\ - |/i|, where the sum \A\ = 
A\ + ■ ■ ■ + A( denotes the weight of a partition A. A few examples are S^j = 1, S[(i),o] = *i, 

S [(i ),(i)] = X i3 ; i _ 1' ^[(2,i),(i)] = yi (*i 3 /3 - x 3 ) - xi 2 , etc. Remarkably, the set of homogeneous 
polynomial solutions of the UC hierarchy, (11.31) . coincides with that of the universal characters 

W [/l,/j](^>y)//i,/j:partitions- 

By considering general homogeneous solutions of the UC hierarchy that are not necessarily 
polynomials, we can find a link to the theory of monodromy preserving deformations. Let us 
explain it in more detail. First we derive from the original one, (11.31) . similar bilinear equations 
among solutions generated by successive application of vertex operators. Let r m „ = T m ^ n (x,y) de- 
note such a sequence of solutions of the UC hierarchy. A typical example of the bilinear equations 
is 

Tm,n ® T m+l,n+l = / , Xj T m+\,n ® %-j T m,n+l- 
r+j=0 

Next we impose on the sequence r m „ of solutions homogeneity 
and periodicity 

V^-O,) 'm+L,n im,n+L 'm,n 

for an integer L(> 2) fixed. Here we have used the Euler operator 



j^\ dx n dy„) 



which is a linear differential operator measuring the degree of a homogeneous function; for in- 
stance, ES[ A ,fi] = QM - \/J-\)S [a,h\- Finally we substitute into each x n and y„ the 'power sum' of new 
independent variables t = (to, h, ...,%) as 

1 N 1 N 

(1.7) x n =-Y6 i t i n and y n = -Yeitf n (n=l,2,...) 

where 8, 6 C are constant parameters. In view of the homogeneity (11.51) . we may take t = I 
without loss of generality. Under the reduction conditions (|1.5I) . (11.61) . and (11.71) . the UC hierarchy 
yields a system of nonlinear partial differential equations in Af variables, hereafter denoted by §l,n, 
whose phase space is essentially of 2N(L - 1) dimension (see Theorem 14 .3 1) . To sum up the above 
procedure, we say that @l,n is a similarity reduction of the UC hierarchy. The system Q L ^ N is a 
finite-dimensional integrable system of isomonodromic type. For instance Q 2 ,n corresponds to the 
Gamier system in N variables and @ 2 ,u the first nontrivial case, does the sixth Painleve equation. 
From the viewpoint of the UC hierarchy we can clearly understand various aspects of Ql,n, e-g-> 
Hirota bilinear relations for r- functions, Weyl group symmetries, and algebraic solutions expressed 
in terms of the universal character. 



As analogous to the case of the KP hierarchy, the UC hierarchy (11.3b generates the linear 
equations for unknown functions (called the wave functions) 

Tm,n\X > j ) 

where [k] = (k,k 2 /2,k 3 /3, . . .). Through the reduction procedure they induce an auxiliary system 
of linear differential equations; one of which is a Fuchsian system of rank L in the spectral variable 
z = k L with N + 3 poles on the Riemann sphere, and the others govern its monodromy preserving 
deformations. The nonlinear system Q LN can be reformulated as a compatibility condition of 
this auxiliary linear system (Lax formalism). Remark here that the compatibility itself is a priori 
established because all the linear equations originate from the same bilinear equation (11.3b . 
The spectral type of the Fuchsian system under consideration is given by the (N + 3)-tuple 

(L-1,1),...,(L-1,1),(1,1,...,1),(1,1,...,1) 

s v 

N+l 

of partitions of L, which indicates how the characteristic exponents overlap at each of the N + 3 
singularities. Thus we conclude that Q LiN is equivalent to a particular case of the Schlesinger 
systems specified by this spectral type. We also present a unified description of Q LN for any L 
and N as a canonical Hamiltonian system, denoted by *Hl,n, whose Hamiltonian functions are 
polynomials in the canonical variables (see Theorem |7.2b . 

Remark 1.2. In [33] we found particular solutions ofQ LN (or < Hl,aO expressed in terms of a certain 
generalization of GauB's hypergeometric function. 

In the next section we derive some difference (and differential) equations from the UC hierarchy 
as a preliminary. In Sect.[3j we construct a sequence of homogeneous solutions of the UC hierarchy 
and present its Weyl group symmetry of type A. In Sect. 01 we consider a similarity reduction 
of the UC hierarchy by requiring its solutions to satisfy the homogeneity and periodicity. As 
a result we obtain a nonlinear system Q L>N of partial differential equations, which provides an 
extension of both the Gamier system and the sixth Painleve equation. The universal characters 
S [x,^] are homogeneous solutions of the UC hierarchy and thereby consistent with the similarity 
reduction. Hence, as described in Sect. [5j it is immediate to obtain particular solutions of Q LN 
expressed in terms of S [^ . The subject of Sect. [6]is the Lax formalism of the systems Ql,n> which 
reveals that they constitute a class of the Schlesinger systems. We show that the auxiliary linear 
problem of Ql,n arises naturally from the linear equations satisfied by the wave functions of the 
UC hierarchy. In Sect. [7J we transform Q LN into the canonical Hamiltonian system *Hl,n with 
polynomial Hamiltonian functions. Section[8]is devoted to the birational symmetries. We observe 
that the Weyl group actions, discussed in Sect.[H give rise to birational canonical transformations 
of 'Hun- In the appendix we briefly indicate a relationship between our polynomial Hamiltonian 
structure and that given by Kimura and Okamoto Oil for the Gamier system, i.e., the case where 
L = 2. 



2 Method for generating a 'closed' functional equation 

Unlike in the case of the KP hierarchy, every differential equation of the UC hierarchy with respect 
to the original variables x and y is of infinite order. In this section we show how to overcome this 



difficulty, i.e., a method for generating a 'closed' functionai equation from the UC hierarchy; cf. 

IDQ. 

We first recaff that if r = r(x,y) is a soiution of (11.31 ) then so are X + (a)r and Y + (b)r for any 
a,b 6 C x . With this fact in mind, let us take our interest in bilinear equations for a sequence of 
solutions generated by successive application of vertex operators. Suppose r ,o = r(x,y) to be a 



solution of the UC hierarchy, (11.31) . Define a sequence r m> „ of solutions by 

771-1 71-1 

(2.1) T m , n = Y\ X + {a t ) ]\ Y + (bj)r 0fi , 

,=0 ;=0 

where we write as 

m— 1 



\~[x + (ad = X + (a m .,) ■ ■ -X+iadX+iao). 

7=0 

Then we can derive similar bilinear equations from the UC hierarchy, the original one (11.31) . 
Lemma 2.1. For integers m, n > 0, it holds that 

(2.2) Yj X7T ,o®X+T m>n = Yj Y7T ,0®YJT m , n = 0, 

i+j=-m-l i+j=—n—\ 

(2.3) T ,o ® Ti,„ - ^] XfTl,0 ® ^ ; + T ,n = J] ^ Tl '° ® 7 / T0 '" = ' 

(+7=0 i+j=-n- 1 

(2.4) J] Xr ro> i X|r m , = t , ® r TOjl - ^ Fr To> i 9 y/r m ,o = 0. 

i+j=—m— 1 '+7=0 

Proof. Notice that the operators X* (i e Z) satisfy the fermionic relations: XfX^ + X^_ x Xf +l = 
and X + Xt + X~X + _. = S i+ j . The same relations hold also for Yf. Moreover, Xf and Yf mutu- 

I J J** I 1 J* l I J 

ally commute. See fl27]|. By virtue of the above relations, applying 1 <g> HfJ^ x+ ( a i) NjZo Y+ (bj), 
X + (a ) ® np! Y + (bj), and Y + (b ) ® UT=o l X + (ad to (US, we obtain <[2j), (Q, and (Q, respec- 
tively. □ 

We shall look closely at (12.21) . which corresponds to the original UC hierarchy (11.31) when 
m = n = 0. It can be rewritten equivalently into 

(2.5a) — 1 —= £z m e^- x '' z) dzro fi (x' + k -1 ],/ + [z])T m>n (x - [z^ly - [z]) = 0, 

2n^ J 

(2.5b) —!— £w n e^- y '' w) dwr 0fl (x' + [w],y + [w-^r^ix - [w],y - [w" 1 ]) = 

with x, y, x', and y' being arbitrary parameters, where j> d j— means taking the coefficient of \jz 
of the integrand as a (formal) Laurent series expansion in z. If we try to write down a differential 
equation naively after the case of the KP hierarchy, namely if we consider the Taylor series ex- 
pansion of (I2.5al) around {x' = x, y' = y}, then we have an infinite set of differential equations of 
infinite order; see GTTl . This result reflects the fact that the integrand of (I2.5al) under the substi- 
tution jc' = jc and y' = y may admit an essential singularity not only at z = but also at z = °°. 



However, we can construct a functional equation in a closed expression by taking an appropriate 
choice of parameters jc, y, x', and y' instead. 

Let /, J c Z be a disjoint pair of finite indexing sets. By specializing the parameters in (12.51 ) as 

x' = x- Y}tj] + 2>], y' = y - J][tf l ] + Yfif 1 }, 

jel JsJ jel jeJ 

we obtain 

Oi := zV ( *-*'- z) dz = z' ^^'^ dz (\t jZ \ < 1), 

UjelO-tjZ) 

Q 2 ■= w n e^ y ,vv) dw = w n — f- — -—dw (\w/t;\ < 1). 

Here we have used the Taylor expansion, log(l - u) = ~Y!k=\ M V^ valid for \u\ < 1. Suppose 
zw = 1 . Then we observe that 

^ = __„ n ie /(l-l/^) /_dz\ = j IHJ{ _ m _ n . 2 Ujel(-tj) ^ 



UjJX - UtjZ) \ Z 2 ) UjeA-tj) 

Consequently, both integrands of (|2.5al) and (|2.5bl) coincide up to constant multiplication if the 
condition |/| - |7| = m + n + 2 is fulfilled. In this case the integrand of (|2.5al ) reads 

F( Z ) = z m - F r^ Z ^-r 0fl (x' + [z" 1 ],/ + [z])T m<n (x - [ Z - I ],y - [z]). 

Since t ,o(jc, j) and r m „(jc, j) are entire, F(z) has the |/| + 2 singularities: z = l/t t (simple poles) 
for i e I and z = 0, oo (which may be essential singularities). Hence (12.51) becomes 

(2.6) f F(z)dz = f F(z)dz = 0, 

where the integration contour C\ (resp. C2) is a positively oriented small circle around z = (resp. 
Z = 00) such that all the other singularities are exterior to it; see Figure \T\ We verify through the 
Cauchy-Goursat theorem that 

(2.7) V ResF(z)dz = 

by canceling contribution of residues at z = 00 and z = respectively to the first and second 
integrals in (|2.6I) . In other words, we have successfully avoided the residue calculus at possible 
essential singularities z = 0, 00 thanks to the presence of two bilinear equations (I2.5al) and (|2.5bl) . 

Now we prepare some notations. For a function / = f(x,y), we define a shift operator T t by 
W) = fix - [ti\,y - [tr 1 ]). We also write T [iuh _ iA (f) = T h oT h o---o T ir (f) for brevity. Then 
(12.71 ) takes the following form: 

.„ UjeAti-tj) 



/ , ? i"pf j- — -T^/\{r|( T o,o)7 , yu{/|(T m ,„) - 0, 

& lljeI\{(}(Ji-tj) 



which can be regarded as a difference equation with each t t being the difference interval. Along the 
same lines as (12.21) . also (12.31) and (12.41) generate similar difference equations. Summarizing above 
we have the 




(i 6 /) 

Figure 1: Contours of integration and singularities of F(z). 

Proposition 2.2. The following difference equations hold. 
1. If\I\ — \J\ = m + n + 2 and m, n > 0, then 



n Ujejiti ~ tj) 

, e/ lij€l\{i](ti-tj) 



(2.8) 2_jti ^-=r £ —-Z — 7T^A{i)( T o,o)^/u{i)(T m ,„) = 

2. If\I\ - \J\ = n + 1 and n > 0, dzen 

}0--tj/td 



^ n.fe/(i-*//*i) 

(2.9) Tj(Tofi)Tj(T ln ) = > 77 7; — 77-^Aw( T i,o) 7 Vu{*}( T o,n). 



5. 7/"|/| - |7| = m + 1 and m > 0, f/zen 

UjejO--ti/tj) 

] 
iei 



77 Tj 77— 77\{*}(To, 1 ) T JU{i] (j m fi) . 

w ll;e/\{i}U -ti/tj) 



Example 2.3. Consider the case m = n = 0, / = {1,2,3}, and 7 = {4}. Write r = t , . Then (l2T8b 
reduces to the equation 

ft - fe)te - ?4)7 , i )2 (T)r 3> 4(r) + ft - f 3 )ft - ?4)7 , 2,3(r)r l>4 (T) 
+ ft - h)(t 2 - k)T h3 (r)T 2A (r) = 0, 

which was found by Ohta [19J as a quadratic relation for the universal character. 
Let m = 1, n = 0, / = {1,2,3}, and 7 = 0. Then (12781) reduces to 

(2.1 1) ft - * 2 )r 1>2 (To,o)r 3 (Ti ; o) + ft - ?3)r 2 ,3(To,o)ri(Ti >0 ) + ft - ?l)ri )3 (To ; o)r 2 (T 1>0 ) = 0. 

Let n = 1, / = {1, 2}, and 7 = 0. Then (gS) reduces to 

(2.12) (ti - ?2)7i, 2 (t ,o)t u = ?i7i(r ,i)r 2 (Ti,o) - ? 2 r 2 (T ,i)ri(Ti >0 ). 

The above difference equations, (|2.11l) and (12.121) . were introduced in a study of the connection 
between the universal character and a-Painleve equations; see 11291 I3T1 . 



Furthermore, we can obtain a functional equation that involves derivative terms from the dif- 
ference equations through a limit process causing a confluence of the poles z = 1/tj. For instance 
let us take the limit f 3 — » t\ in 02. 111 ). Rewrite (t, s) = (ti,t 2 ) and shift the variables as x h-» jc + [t] 
and y i-» y + [r 1 ]. Then we find 

(2.13) [p 6t + -i-W ,o(* - [s],y - [s- 1 ]) ■ r lfi (x,y) 

+ -^-To,o(x - [t],y - [r^yrifiix + [t] - [s],y + [t~ l ] - [s" 1 ]) = 0. 
t - s 

Here we have introduced the vector fields 

and let D v denote the Hirota differential with respect to a vector field v. If we take continuously 
the limit s — » fin (|2.13l) with divided by t - s, then we obtain 

(2.14) (Z\ 2 - D St + D~ s y 0>0 (x - [t],y - [r 1 ]) • T h0 (x,y) = 0. 

In this manner we can produce various functional equations from the UC hierarchy. We list the 
ones relevant to the following sections. 

Proposition 2.4. The following difference (and differential) equations hold: 

(2.15) (t - s)r m , n (x - [t] - [s],y - [r 1 ] - [s~ l ])r m+Un+l (x, y) 

- tT m , n+1 (x - [t],y - [t~ l ])r m+hn (x - [s],y - [s~ 1 ]) 

+ ST m>n+ i(x - [s],y - [s~ l ])T m+hn (x - [t],y - [r 1 ]) = 0, 

(2.16) (D dl - l)r m ,„+i(x,j) • r m+hn (x,y) 

+ T m>n (x - [t],y - [t~ l ])T m+Kn+ i(x + [t],y + [r 1 ]) = 0, 

(2.17) \D 6l + ——]T mM (x - [s],y - [s' 1 ]) ■ T m +i, n (x,y) 

+ T mt „(x - [t],y - [r [ ])r m+Un (x + [t] - [s],y + [t~ [ ] - [s~ 1 ]) = 0. 

t— s 

Proof. Clearly (12.151) and (12.171) are equivalent to (12.121) and (|2.13l) . respectively. Taking the limit 
s -> tin (|2.15l) leads to (12.161) . n 

3 Homogeneous r-sequence and its Weyl group symmetry 

This section is concerned with a sequence of homogeneous solutions of the UC hierarchy, con- 
nected by vertex operators. We show that such a sequence naturally admits a commutative pair of 
Weyl group actions of type A generated by a permutation of two serial vertex operators. 
We first introduce partial differential operators Vx(c) and Vy(c') (c, d e C) defined by 

V x (c)= fx + (z)z' c ' l dz and V Y (c') = f V(rV _1 dz, 



where the integration paths y,y' : [0, 1] -> C is taken such that [X + (z)z~ c ]^ = U+Cz -1 )^]!^ = 0. 
For instance y and y' can be chosen to be cycles. Note that in general y and y' may depend on c 
and d ', respectively. It is easy to see that V x (c) and V Y (c') mutually commute. 



Suppose t ,o = T ,o(Jt, jO to be a solution of the UC hierarchy (|1.3I) satisfying the homogeneity 



Etqq = dofiT. Instead of (|2.1I) . let us consider a sequence {r m „} m „>o determined recursively by 

T m+Ui = Vx(Cm) T m,n &nd T m „ +1 = VV(C b )t OTj „ 



for arbitrary constant parameters c,„, c' n e C given. Since the UC hierarchy (|1.3I) takes the form of 
bilinear equations, it can be verified in exactly the same way as (|2.1I) that each r„ v , gives a solution 
of (|1.3I) . Furthermore, they all obey the homogeneity 

with dm+i, n = d mA + c m and d m ,n+\ = d m>n -c' n , as a consequence of the formulae [E, V x (c)] = cV x (c) 
and [E, V Y (c')] = -c'V Y (c'); cf. [32, Lemma 2.4]. Hence the balancing condition 

is fulfilled. We call the above sequence of homogeneous solutions of the UC hierarchy a ho- 
mogeneous T-sequence. Obviously, any functional equation in Sect. [2] still remains valid for the 
homogeneous r-sequence {r mn }; we may call also V x (c) and V Y (c') vertex operators. 

Example 3.1. If we take c = c' = n to be an integer and each y and y' a positively oriented small 
circle around the origin z = 0, then V x (n) = 2n^f-\X* and V Y (n) = 2n^/—lY^ according to (11.21) . 
Recall now that these operators play roles of raising operators for the universal characters; namely, 



[A4i]\*>JJ - A h ■■■^A l 1 fi 1 



He 



for any pair of partitions A = (A\, A 2 , ■ ■ ■ , A f ) and /j. = (yUi,/i 2 , • • • ,Hc>)', see 11271 Theorem 1.2]. 
Starting from a trivial solution r(x,y) = S [& ^(x, y) = 1 of the UC hierarchy, we thus obtain a 
homogeneous r-sequence expressed in the universal characters by successive application of X^ 
and Y n n . 

Next we consider the Weyl group symmetry of the homogeneous r-sequence. Fix a positive 
integer k. Let us look at m = k sites in the (m, n)-lattice and interchange the (k - l)th and kth 
operations of the vertex operators V x in view of the fermionic relation V x (a)V x (b) + V x (b-l)V x (a + 
1) = 0. To be more precise, we transform the original sequence 

V x (c k -2) Vxfa-i) V x (c k ) V x (c k+l ) 

* Tk-l,n * T~k,n * ^k+l,n * 

into a new one 

Vx(ck-l) V x (c k +l) A Vx(Q-l-l) Vxfo+l) 

that is identical with the original one except r^,, is replaced by 

fk,n = VxiCk + l)T k -l,n- 



Besides, the degree of t kt „ reads 

dk,n = dk-\, n + Q + 1 = dk-\ >n ~ dk,n + <4+l,n + L 

We refer to the above permutation of vertex operators as r k . Put 

(3.1) a k = d k ,„ - dk,n = dk-\, n - 2dk, n + dk+\,n + 1, 

which is a quantity that does not depend on n. The operation r k induces the transformation 

r k (a k ) = -a k , r k (a k± i) = a k ±\ + a k , and r k (a e ) = a e (£ * k, k + 1). 

Therefore a k can be regarded as a root variable of the Weyl group of type A, and (r k ) indeed fulfills 
its fundamental relations 

r k 2 = \, r k r k±l r k = r k±l r k r k±l , and r k r t = r t r k (£±k,k±l). 

Along the same lines we can derive from a permutation of operators Vy another action of the Weyl 
group of type A, which commutes with the previous one. As demonstrated in Sect [81 this kind of 
Weyl group actions gives rise to a group of birational canonical transformations of the Hamiltonian 
system "Kl,w- 

We conclude this section with some formulae that will be employed later. 

Lemma 3.2. It holds that 

(3.2) T k -xjn <8> T k+Un - 2_j X;t Kn ®XJT Kn = 2_j Y i~Tk,n ® Y j r k,n = 0. 

(3.3) r k - Un+l ® r k+hn - ^ Xrf Kn+l <8) XJT Kn = f Kn <8> T hn+l - 2_j K f Kn+l ® YJT Kn = 0. 

Proof. First we have 

(3-4) Yj X 7 T k-l,n®XJT kM = Yj Y i T k-l,n ® YJT kM = 0, 

i+j=-2 i+j=~i 



which is equivalent to (12.21) with m = 1 and n = 0. Applying Vx(c k + 2) ® 1 and Vx(c k + 1) ® 1 
respectively to the first and second equalities in (|3.4I) leads to (|3.2I) . We deduce (|3.3I) from (|3.2I) by 
applying V Y (c' n ) <8> 1 . □ 

Lemma 3.3. The following difference {and differential) equations hold: 

(3.5) D St t ki n(x,y) ■ T k>n (x,y) - tT k - U {x - [t],y - [t~ [ ])r k+Un (x + [t],y + [r 1 ]) = 0, 

(3.6) tr k . hn+l (x - [t],y - [r 1 ])Tjt +1 , B (jr, i y) 

- t k>n+l (x,y)T ktn (x - [t],y - [r 1 ]) + f Kn {x - [t],y - [t~ l ])r k , l+l (x,y) = 0. 

Proof. The verification can be done along the same argument as Proposition 12.21 First we shall 
regard the symbol / <8> g as a product of two functions f(x',y')g(x,y) in distinct indeterminates 
(x',y') and (x,y). Taking the variables in (|3.2I) as jc - x' = 2[t] and y - y' = 2[r ! ] thus leads to 
(1331) . Similarly, we deduce d3T6b from (1331) with x - x' = [t] and y-y' = [r 1 ]. □ 
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4 Similarity reduction of UC hierarchy 

In this section we consider a reduction of the UC hierarchy by requiring certain homogeneity and 
periodicity. As a result we derive a finite-dimensional integrable system of partial differential 
equations, denoted by Ql,n, which provides an extension of both the Gamier system and the sixth 
Painleve equation P V i- 

Fix integers L > 2 and N > 1. Let r mj „ = r mjl {x,y) be a sequence of the solutions satisfying 
(I2.15I) - (I2.17I) in Proposition |231 Suppose that r m: „ are homogeneous of degree d m>n e C, i.e., 

Er,^ n = d m>n T m , n with E = V \nx n - ny n — , 

j-f\ dx n dy n ) 

and fullfil the periodic condition: r m+ L „ = r m „ +L = r m „ (up to multiplication by constants). Re- 
mark here that the relation d mfl + d m+ \^ n+ \ = <i m ,„+i + d m+ \ fl necessarily holds; cf. Sect. [3] Let us 
replace the independent variables x„ and y n respectively with the nth and (-n)th power sum of new 
ones t = (t ,ti, . . .,t N ) as 

1 N 1 N 

(4.1) x n = -Ye i t i n and y H = -Y6 t tr n . 

Consequently we have 

N „ N 

(4.3) E = Z t 'dF = Z 9 ' 6 'r 

i=0 ° h M) 

In view of the homogeneity, no generality is lost by taking t = 1. Set cr m „(0, t) = T m>n (x,y) under 
the above conditions. For notational simplicity we shall use the abbreviation cr mn (di ± 1) to mean 
that among the constant parameters 6 = (6q, 6\, . . . , 6n) only the indicated one 8 t is shifted by ±1 
while all the others are unchanged. Then we have the 

Proposition 4.1. The functions cr m „ = cr mn (0, t) satisfy the bilinear equations 

(4.4a) (t t - tj)o- m>n o- m+hn+1 (ei + 1 , 0/ + 1) 

= tjO- m+ i n (6i + \)o~ mn+ i(6j + 1) - tjcr m+ i tn (9j + l)cr mn+1 (#,- + 1), 
(4.4b) (t{Di + 9i)o~ m+ i in • o~ m>n+ \ = 6iO~ mn (9j — l)cr m+ i„ +1 (#,- + 1), 

(4.4c) ((tj - tdDi + 6 { ) o- m J$j - 1) • o- m+Ul = QiO-^niQi - l)cr m+lj „(6>j + 1, Oj - 1), 

together with the homogeneity constraint 

(A AA\ V m ' n - A 

y\ .^tcij y i[ a mn u mn . 



Here D, denotes the Hirota differential with respect to d/dt t . 
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Proof. It is immediate to obtain (|4.4al) from (12.151) with (t, s) = (t h tj). Using (1431) we verify (I4.4bl) 
and (|4.4cb from (12.161) and (12.171) , respectively. □ 

Next we shall write down nonlinear differential equations for appropriately chosen dependent 
variables. Let us introduce the functions /®„ = fm, n (6, t) and g„ t „ = gin, n (Q, t) defined by 

,. c\ Hi) _ °~m,n-l(Qi + l)o"m-l,n-l 

^ ' Jm,n ~~ ~~_ 7a i T\7Z ' 

CTm-l,n\Pi + ^)0^m,n-2 

,. „ (,) _ ^•PjO"m,n-l " Q~m-l,n n — a °~m-l,n-l(6i ~ l)o~m,n(yj +1) 

(4.0J g m>M — h a; — a,- 

Vtn,n— \v m— l,/i CTm,H— l^m— l,n 

for i = 0, 1, . . . , N. Note that the second equality in (14.61) is a consequence of (14.4bl) . We have the 
conservation law 

L L 

(4.7) n/'i- - =i and y^ ( 'i- -=^-- 

v y 1 l J m+J,n-J / l^m+un-i ' 

7=1 7=1 

In addition we prepare auxiliary variables £/„/„ and V^„ (z ^ _/') defined by 

(; - ;) _ gjQ g- m , n -iffl- - 1,0; + l)(7-„,,„(e,- + 1) 
H lj ^'m,n-\^'m,n\Pj ' *■ ) 

yd J) _. e J± °~>n-hn(6i ~h6j+ VVmJPi + 1) 

m,n + . / r\ i\ 

ti - tj o~ m -i ! „cr„ hn (Pj + i) 

Then we have the following relations among the dependent variables. 
Lemma 4.2. For i ? j, it holds that 

(4 8) V (iJ) - U (iJ) = e® 

U {iJ) t-f ij) 

(A Q\ m-\,n _ l jjm,n 

*■ ' V (iJ) ~ t At) ' 

v m,n-\ HJm,n 

(4 10) V {iJ) - U (iJ) = s (i) (6+1) 

^• 1U ^ v m,n-\ u m-l,n 5m,n\ u J T l '> 

(4.ll) — — - = -^-— . 

»m,n l ijm,n\ u i L ) 

Proof. Clearly (14.91 ) and (14.111) are direct consequences of the definition of f® n , (14.51) . We obtain 
(l4~8l) and (14.101) from the bilinear equation (14.4al) . □ 

Solving the linear equations (f478l) and ([4~H for C/,^ and V^ with the aid of the (L, L)- 
periodicity, we conclude that 

L b-\ t At) 

t 

I L b ~ l t-f® 

1 \ ' (j) 1 T 'J m—a,n 



u<m) = I y „(o n - 

m ' n (,\ L -, £j S rn-b+l,n+b-l [ I ^(7) 

-H - 1 fc=l o=l ';' 






m—a+ \,n+a 



y<U> = - V a® n 

v m,n /.. \i / j °m-b,n+b \ j 



rO") 

i+a+l 



( fj - 1 6=1 a=0 l jJm-a,n-\ 

In fact C/^jj and V^„ can be expressed as polynomials in ff£ n and g„,n via (14.71) . 
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Theorem 4.3. The functions f^ n and g„l n satisfy the system of nonlinear differential equations 

( \ 

K - o« + V (u ai) - v m ) f (i) 

*m,n 6 OT ,n-l / i \ m-l,n v m,n-l) Jm,n> 



(4.12a) t t 



dtj 

Qf(i) 



m 



(4 12b) t -^ = (-s {i) -U ai) +V UJ) )f (i) (i±i) 

a (0 

(4 12c) t " = - V (U {i ' j) s (j) + V (jJ) s (i) ) 

y-r.±^\^j i, / l \ m,nom,n ^ ' m,n5m,n) > 



a (0 
C4 12d) f g '"'" = f/^? 01 + vCAOa© /•; ± f) 

{L+.1Z.U) Ij - u m,n6m,n^ v m,n6m,n \ l ^ JJ> 



N N 



where 

(4. 13) K m>n = d m ^i - d m . ln + 2j ^ = Zj g ™< n £ C 

i=0 i=0 

are constant parameters. 

For each (m, n) fixed the system (14.121) is closed with respect to the 2ZJV-tuple of dependent 
variables g^+^.j and f® +jin _ j+l /f®l Jtn _j +v where i = 1,2, . . .,N and y' e Z/LZ. Moreover, it pos- 
sesses the 2iV conserved quantities; recall (|4.7I) . Accordingly the dimension of the phase space is 
essentially 2N(L - 1). If L = 2 then it is in fact equivalent to the Gamier system in N variables, 
whose phase space is 2A r -dimensional; see also the appendix. Let Q LN denote the nonlinear sys- 
tem (14.121) . As shown in Sect. [71 the system Q LN can be transformed into a canonical Hamiltonian 
system with polynomial Hamiltonian functions. 

Proof of Theorem \4.3\ We shall demonstrate only (I4.12al) here because the others can be done in 
quite a similar manner. By virtue of the homogeneity (I4.4dl) we see that 

N N n 

\Sm,n ~ "') ~ / j — "m,n-l — "m-l,«- 

•_,, _r, 0~m.n-\0~m—\,n 

Therefore (14.131) certainly holds. By combining (14.101) with (14.131) we have also 
(4-14) g^iOt + 1) = V « + 1 - Yj SmM + D 



m,n / ; \ m-\,n m,n-\ J 



j*i 



Taking the logarithmic derivative of f n n shows that 

m—l,n—l 



ti df nn tiDiO- m ^\(Qi + 1) • o- m _ ln (6i + 1) tiDiCr mn _2 ■ cr n 



fm,n 3ti 0"m,«-l(^r + l)C"m-l,n(ft' + 1) 0"m,,j-20"m-l,n-l 

= g%,(.9 i + l)-g ( ^ l -l, using (EB, 

= W-ti + ER-C)' using 6T43. 



We have verified (I4.12al) as desired. 
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Remark 4.4 (Toda equation). We shall derive a differential-difference equation of Toda-type for 
cr m ^, associated with the shift (0,-, Gj) i-» (0,- + 1, 9j - 1) of parameters. First we differentiate with 
respect to s the equation (12.171 ) after shifting the variables (x,y) to (x + [s]/2,y + [s~ l ]/2). We thus 
find that 

/ [ s ] [5 _1 ]\ / [s] [s~ l ] 

(0 - t)D Sl D Ss - 2sD s , + tD Ss ) r m ,„ \x - — -, y — • r m+Un \x + — -, y + 



2" 2 ) - m ^> n \~ '2 J 2 
+ tD sJm Jx- [t] + ^-,y - [r 1 ] + >-— - ■ T m+1 Jx + [t] - ^,y + [r 1 ] - ^— - 1 = 0. 



2 J 2 ) ' \ 2 J 2 

Substitution of (I47TT) and (t, s) = (t h tj) leads to 

((tj - tdDiDj - (29 j + 1)A + BiDj) cr m>n ■ o- m+hn (6j + 1) 

+ 9 i D j Cr m>n {9 i - 1, ; + 1) • <T m+i , n (0i + 1) = 0. 

Hence, with the aid of (I4.4cl) . we verify that 



(4.15) (ti-tj) 



2 DiDj<j mn ■ o~ m+ i n (6j + 1) 



0"«!,iiO"ffl+l,nlPj + -U 

(T m , t (di + \,6j- l)(r m , n (9i -\,9j+\) 



= -6i(20j + 1) + efi r 



CT 2 
u nun 



„ ,„ -,-, °~m+l,n(9i + l)0"m+l,»(^i _ L,0j + 2) 

+ 90 j + 1) - 2 

0~m+l,n(Qj +1) 
2 [DiO~m,n " 0~ m+ \ A (9j + 1 ) \ / DjO~ m >n ■ CT m+ln (9j +1) 

\ 0~m,nO~m+i,n(dj +1) / \ 0~m,nO~m+\,n(9j + 1) 

Next we express (|4.4cl) in the form 

. .DjO~ mn • cr m+ i „(#; +1) cr,„„(0 r - — 1,9 ; + l)cr m+1 „(0,- + 1) 
(tj - tj) — = 9j - 9i . 

0~m,nO~m+l,n\Pj + 1) O ' m ,n® 'm+\ ,n\U j + 1) 

By differentiating this with respect to tj, we have 

(4 - 16) & ~ ^ V /Z) ^ 

OTj \ 0~ m , n 0~ m+ i >n (Vj + L) 

„ n n 0-m,n(9i + l,Bj~ l)(T m ,n(0i - 1, 0; + 1) 

= ft + 0;0; 5 

CT z 

„ ,„ ,s °~m+l,n(Qi + l) cr m+l,n(ft _ 1 > 0/ + 2) 

- 0,<fy + 1) 2 • 

0~m+l,n(@j + 1) 

Finally, combining (14.151) and (14.161) . we arrive at the Tbrfa equation: 

2 DiDjO- m ^ ■ CT m> „ 0"m, n (ft + 1,0; - l)CT OT) „(0j - l,0y + 1) 

(4.1 /j (/,- - tj) - -ZUjVj + WPj j • 

0~m,n 0~m,n 

Note that (14.171 ) is still valid without requiring the homogeneity and periodicity. Such a differential- 
difference equation of Toda-type has previously been studied for the case of P V i. i- e -> (L, N) = (2, 1) 
by Okamoto [20J; and for the case of the Gamier systems, i.e., L = 2 and general N > I, refer to 

ED. 
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5 Particular solutions expressed in terms of the universal char- 
acter 

As described in Sect. 0] the system Q LN is a similarity reduction of the UC hierarchy. Since the 
universal characters S^] = S[x tfl ](x,y) are homogeneous solutions of the UC hierarchy, they sur- 
vive through the reduction procedure; recall Example l3.ll Therefore we can immediately construct 
a solution of Q LN expressed in terms of the universal character. 

First we recall some terminology. A subset m c Z is said to be a Maya diagram if i e m 
(for / <sc 0) and i i m (for i » 0). Each Maya diagram m = {. . . ,mi,,m 2 ,m l } corresponds to a 
partition A = (A\,A 2 ,. . .) via m, - m i+l = A, -At+i + l. We can associate with a sequence of integers 
v = (vi, V2, . . . , Vl) eZ L a Maya diagram 

m(v) = (LZ <V1 + 1) U (LZ <V2 + 2) U • • • U (LZ <VL + L); 

L 

let A(v) denote its corresponding partition. Note that A(v + 1) = A(v) where 1 = (1, 1, . . . , 1). We 
call a partition of the form A(v) an L-core partition. A partition A is L-core if and only if A has 
no hook with length of a multiple of L; see lfT8l Proposition 7.13]. For example, if L = 2 and 
v = (0, n) {n > 0) then the result is a staircase partition A(y) = (n,n- 1, . . . , 2, 1), thereby two-core. 
There is a cyclic chain of the universal characters attached to L-core partitions that is connected 
by the action of vertex operators; see ll28l Lemma 2.2]. 

Lemma 5.1. It holds that 

X Lv m -\v\ S [Mv(m-\)),iA] = ±S [A(v(m)), M ] 

m L-m 

for arbitrary v = (vi , v 2 , ■ ■ ■ , v L ) £ Z L and partition /i. Here v(m) = v + (1 , . . . , 1 , 0, . . . , 0) and 
\v\ = vi + v 2 + ■ ■ ■ + v L . A similar formula holds for the operators Y* also. 

Hence we are led to the following expression of rational solutions of Ql,n in terms of the 
universal character attached to a pair of L-core partitions. 

Theorem 5.2. Let v, V 6 Z L be arbitrary sequences of integers. Define 

O~m,n(0,t) = S[A(v(m)),A(v'(n))](X,y) 

under the substitution 

1 N 1 N 

x n = -/. Sit" and y n = - V 6^. 

n *—L n £—L 

i=0 (=0 

Then the functions o~ m , n satisfy the bilinear equations (I4.4al) - (l4.4cl) and the homogeneity (|4.4dl) , 
where d m>n - d m -i,„ = Lv m - |v| and d mjn - d mA -\ = -Lv' n + |v'|. Consequently the functions fm, n 
and gin, n defined by (14.51) and (14.61) give a rational solution of the system Ql,n, (14.121) . with the 
parameters K m>n = L(v m + v' n ) - \v\ - \V\ + £JI 6 t . 
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6 Lax formalism 



In this section we derive from the UC hierarchy the auxiliary linear problem whose compatibility 
condition amounts to the nonlinear system Q LN (Lax formalism). It is seen that Q LN describes the 
monodromy preserving deformations of a Fuchsian system of linear differential equations with a 
certain spectral type. 

We introduce the wave function 

which is a function in (x,y) = {x\,X2, . . . ,y\,yi, • ■ .) equipped with an additional parameter k (the 



spectral variable). Define 0„,,„(0, t, k) = ijf m , n (x,y, k) under the change of variables (14.11) . We then 
have the 

Proposition 6.1. The wave functions cf> mA = <p m , n {Q, t, k) satisfy the linear equations 

1 



(6.1) 
(6.2) 
(6.3) 



fm,n 



J m+\,n 



-(f>m,n+l(0i + 1) - tik<f> m+Un (6j + 1), 



+ 1 



d 



dt t 

k dk-L% } 



ti — <P,n,n = (g® +hn ~ Qi)<Pm,n + tikg^^m+hni^i + 1). 



Ym,n ~ \Q-m,n u-m,n-\JTm,n- 



Proof To begin with, we recall the definition of variables ff£„ and g®„; see (14.51) and (14.61) . 
Substitution of (t, s) = (t t , l/k) in (12.151) and (12.171) produces respectively (16.11) and (16.21) . with the 
aid of (14.21) . We deduce from the homogeneity condition Et,„^ = d m , n T m , n that 



d 



E-k—\ T m>n (x -[k ],y- [k]) = d mfl T nhn {x - [k ],y - [k]). 
On the other hand, we have (E - kd/dk)e^ x ' k) = 0. Hence we are led to the formula 

ok) 
which implies (16.31) via (14.31) . The proof is now complete. 



□ 



Because of the (L, L)-periodicity, the linear equations (16.11) can be solved for (p m) „(0i + 1); thus, 



1 L ( h 

1 KHK) b=\ \a=\ 



-a+\ 



Ym+b-\,n-b- 



If we eliminate <f) m +i <n (Qi + 1) from (16.21 ) by using the above formula, then we have 

,(0 L ( b 



(6-4) t~K,n = {C 1>n ~ f ) <f>m,n + Y^I ^f (n ^ + l,„- fl+ l 



(Pm+b,n- 



b- 
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Notice that for each m and n fixed (16.41 ) is closed with respect to m+; ;„_ ; - (J e Z/LZ). With this fact 
in mind, we shall write down the linear differential equations satisfied by the vector 

O = T (0_i jO , £00,-1, £V 1,-2, ■■■,k L ~ 1 (/) L -2-L+[)- 

Consider the change of variables 

(6.5) z = k L and u t = tf L . 

We can express (16.41) in the L x L matrix equation 



(6.6) 
with 



— <D = B& 

OUi 



0, 



5 < = diag te- V - 



0<n<L-l 



' v (0 
u v 0,l 



+ 



Z~M/ 



V, 



.(0 

0.L-1 







(0 

^L-2,L-1 





+ 



z-ut 



( (0 

V 0,0 

v l,0 v l,l 



(0 (0 

V V L-1,0 V L-1,1 



o 



"L-1,L-1 / 



where 
(6.7) 



v 



(0 

n,n+b 



7" I 1 *J n+a,-n-a+\ 



a=\ 



for < n < L - 1 and 1 < b < L. Remark that the suffix of each variable should be suitably 
regarded as an element of Z/LZ. 

Similarly, we obtain from (16.31) the linear differential equation with respect to z: 



N+l 



(6.8) 






i=0 



Z-Ui 



where un+i = and the Lx L matrices A t read 



'0 v® 



A,= 







■AiV+l 



d 



^L-2,L-1 



Uj 



( (0 

v ; 

(!) (0 

v l,0 v l,l 



, v (0 v (0 

V V L-\,0 V L-\,\ 



' e 


wo,i ■ 
<?1 


• W 0> z.-1 " 
'• Wz,-2,L-1 


V 




eL-i ) 



o 



"7.-1,1,-1 / 



(0 < i < A0, 
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with 



, _ , n 

"■n-n-\ "n-l,-»-l ' ^ . \ ' rr\ 

e n = 7 and w m>n = ^ vfa. 

i=0 



The linear differential equation (16.81) is Fuchsian and has the ./V+3 regular singularities uq, U\, . . . , u N , 
un+i = 0, wjv+2 = oo. Observe that every A,- (0 < z < AT) is not full rank unlike A N+ \ and 



iiV+1 



Ajv+2 = _ Zr=o ^i- To be specific, if we prepare the column vector b ( and the row vector c 
defined by 



.(0 



Ta(0 



.(0 



(0 
tn,-n 



V*-*! llm=l ^m-m+l^o<«<L-l 



'2,-2 



>L-1,-L+1 



(0 

7 (0 #1,-1 

? 0,0' f (o ' 2 f © f (0 ' • • • ' z,_i f (0 f (0 f (0 

*W1,0 t( ^1,0^2,-1 f ' ■/ 1,0-/ 2,-1 -/L-1,2 



/ n 

ti 

V m=l 



■ — m+l 



- h f f (i) t 2Ai)Ai) t L-lAi)Ai) At) \ 



0<n<L~\ 



m=\ 

then we have indeed 

(6.9) A,- = ft®-c® and c ® -ft® = -£ ^p = -ft e 



^-i „© 



n=0 



for < i < N. The matrix A w+2 = - 2,=o A, is lower triangular and its diagonal entries are 

N N (i) 

Z(f) _ _ V^ Sn-n _ 

U i V n,n ~ e n ~ 2_j 7 e " ~ K " ~ g " 

i=0 i=0 

for < n < L - 1 . Here we have used (16.51) and (16.71) and put 



(6.10) 



"•/! 



K-n,—n "■n,—n—l &n—l,—n ' 2j;'=0 ' 



N (i) 
n — 

T 



Z5n,-n 
~r'' 



;=() 



cf. (|4.13l) . Hence the characteristic exponents of (|6.8I) at each singularity z = w,-, i.e., the eigenval- 
ues of each residue matrix A,-, are listed in the following table (Riemann scheme): 



Singularity 



Exponents 



(6.11) 

Note that the relations 
(6.12) 



Ui(0<i<N) (-#,-, 0,...,0) 

u N+y = (e ,ei,...,e L -i) 

un+2 = oo (/c - e , K\-ei,..., k L -\ - ei-i) 



L-l ^ 1 t-1 N 

J] e " = ~r~ and Zi *" = Zi e ' 

«=() (2=0 (=0 



hold among the exponents. The sum of all the exponents certainly equals zero (Fuchs relation). 

Compatibility between the above two linear equations, (16.61) and (|6.8I) . is a priori established 
because both originate from the same bilinear equation (|1.3I) . The former, (16.61) . governs the mon- 
odromy preserving deformation of the latter, (16.81) . along a deformation parameter u\. The nonlin- 
ear system @l,n, (14.121) . can be recovered from the integrability condition ^ - B t , j- — A = of 
the linear system (16.61) and (16.81) . 
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Remark 6.2. In general, we can associate with an L x L Fuchsian system 

a^, N + l a 

(6.13) » A « = £-*-• 

having N + 3 regular singularities Uq,U\,..., u n , u n+ i = 0, u N+2 = oo an (N + 3)-tuple 

At = {(/A),l,/4>,2> ■ • ■ j/^O/o)' O^l, l'A*l,2' • • • >A*l/l)> • • • ' (MN+2, l,fJ-N+2,2 » • • • > ^#+2,^+2)) 

of partitions of L, called the spectral type, in such a way that each residue matrix A, has the 
eigenvalues of multiplicity /i, 7 . The number of accessory parameters, i.e., coordinates of the space 
of Fuchsian systems (16.131) with given data of eigenvalues of A,, is known to be an even 

N+2 (t 

(Ar+l)L 2 -£2>/ + 2. 

1=0 7=1 

We turn now to our case. The spectral type of (16.81) reads 
(6.14) (L-1,1),. . .,(L-1, !) ,(!, 1,..., !),(!, 1.....1) 

N+l 

according to its Riemann scheme (16.111) . Applying the above formula we find the number of 
accessory parameters to be 2N(L - 1), which certainly equals the essential dimension of the phase 
space of Q LN as was calculated in Sect. HI 

Remark 6.3. Thanks to the algorithm proposed by Oshima j[2T|. Fuchsian systems of the form 
(|6.13l) with a fixed number p of accessory parameters can be classified by the spectral types. Let 
us here take our interest in the Fuchsian systems that have four or more singularities because they 
admit the monodromy preserving deformations. If p = 2 then we have a single fundamental system 
whose spectral type is {(1, l) 4 } = {(1, 1), (1, 1), (1, 1), (1, 1)}; and its deformation equation turns out 
to be Pyi (= £72,1)- If P = 4 then the result is the four Fuchsian systems specified by the spectral 
types {(1, l) 5 }, {(2, l) 2 , (1,1, l) 2 }, {(3, 1), (2, 2) 2 , (1,1,1, 1)}, and {(2, 2) 3 , (2, 1, 1)}. The first one has 
two deformation parameters and it corresponds to the Gamier system in two variables (= £72,2)- 
The other three cases produce nonlinear ordinary differential equations of fourth order, which have 
been investigated by Sakai [|22l as candidates of the master equations, like P V i> among the family of 
fourth-order Painleve equations; he clarified the polynomial Hamiltonian structure and coalescence 
diagram for each. Note that the first and second of the three are equivalent respectively to £? 3 j (see 
Example 17.31) and to the fourth-order Painleve equation of type D 6 introduced by Sasano d23l (see 
also 0). 

7 Polynomial Hamiltonian structure 

In this section we present Hamiltonian formalism for the system Q LN such that Hamiltonian func- 
tions are polynomials in the canonical variables. 

The Schlesinger system is the following system of nonlinear differential equations (see If8~l l25l0 : 



nu dA; y [A^Aj] dA t [A h Aj] 

(7-1) ^- = - /; ' T~ = ( * *^ 

oUi *rr Ui-Ui oil; Uj-U; 
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for LxL matrix- valued unknown functions A h which describes the monodromy preserving defor- 
mations of a Fuchsian system of the form (16.131) . Needless to say, Q LN is equivalent to a particular 
case of the Schlesinger systems specified by the spectral type (I6.14I ). 

Recall first that (17.11) can be written as a Hamiltonian system (see, e.g., 031) 

?r = {A i ,K j ) 

dUj 

with the Hamiltonian functions 

1 9 v-i tr(A;A,) 
(7.2) K t = - Res tr A 2 = V ^ J -, 

2 z=m ^4 U; — U j 

J*' J 

where the Poisson bracket { , } is given in a standard way by 

V '■■■'/ \\f^i)m,ni V*j)m',n'! ~ "i,j \ym,n'\/*-i)m',n Om',nV*j)m,n' I • 

Moreover, a method to construct canonical variables for the above Hamiltonian system has been 
established; see [7, Appendix 5]. Set A t = B (l) C {l) and define a Poisson bracket { , } over the space 
of matrices B {1) and C (,) by 



l(B (i) ) , (C (i) ) } = 1 and {otherwise} = 0. 

^V >m,n \ hi,m) 



This Poisson bracket coincides with the previous one (T7.3I) . in fact. Hence the Schlesinger system 
is equivalent to the canonical Hamiltonian system attached with the fundamental 2-form 



N+l JV+1 



r = Yj tr(dC (0 A dB (i) ) - ^ dK { A du t . 



1=0 !=0 



However, the above choice of canonical variables is redundant because it is possible to reduce the 
number of canonical variables to that of accessory parameters of the Fuchsian system (16.131) . 

Next we shall consider the Hamiltonian formalism oiQ LN and carry out the reduction of canon- 
ical variables. In this case the fundamental 2-form reads (see Sect. [6]) 



N L-\ N 



(7.4) r = Z Z dc « ) A d ^ " E dKi A dUi 

with 

_Ji) 
^H I Lm=l J m,-m+l m=\ 

for < i < N and < n < L - 1 . Here we have fixed t = \ and thereby u = 1 . Observe that 
(7-5) « = -*-!>» 
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which follows from (16.101) by means of b ( nC~n = -gn-n/L- Accordingly the first term of (17.41) can 
be computed as follows: 



N L-l N L-l 



£ Yj *$ A db n = Z Z dC « ) A d ^' SlnCe C = !' 



i=0 ra=0 (=0 n=l 

N L-l 



= ££dlogc<? A <!(*«) 



/=0 n=\ 



= ZZ dl °s £ l Ad (^ )c " ) )' usin g(E5]), 



= EZ d (€)Ad(w) 

= ZEdU°4 0, )Adg). 

i=l n=l \ c « / 

Let us now introduce the canonical variables q„ and p^ (1 < i < N;l < n < L — 1) defined by 

(7 6) o® = — o (0 = -Z? (! V 0) 

v ' • u -' fn (0) ' Vn u n L n ' 

C n 

whose number, 2N(L - 1), is just enough for the Hamiltonian system under consideration; see 
Remark [6T2l In addition we take the change of independent variables 

s t = - = ti L 

Uj 

so that the resulting Hamiltonian function 

N 



K t tr(A t A N+l ) f. SjHAiAj) 



Hf = — j = + > 

.V; Z .V; ^— i 



Si 2 Si j^ Si(Si ~ Sj) 

becomes identical with the standard one of i> V i when (L,N) = (2, 1); see Example 17.31 The 
fundamental 2-form is then rewritten as 

N /L-l 



r'=l \n=l 

For convenience we extendedly use the symbols q„ and p^ also for z = or n = 0; namely, we put 

(7.7) «p=i, ^ o) (=-^ o) 4 o) )=^-|;?m\ 

(=1 

n=l 

by taking (16.91 ) and (17.51) into account. We have then the 
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Lemma 7.1. It holds that 

L-l 



(7-8) tr(A,A .) = £ q^q^pf, 

m,n=0 

L-l N 

(7.9) tr(A,.A W+ i) = -Xi^M ) -Xi E <£P$&Pn 

n=0 j=Q 0<m<n<L-l 

fori,] = 0,1,..., N. 

Proof. It follows from (A ; ) m ,„ = b®cf that tr(A,A y ) = Z^o^'WAy)^ = ?£Ubf c®b$ c$ , 
which thus yields (17.81) via b„ c„ = —p„ q n . The diagonal entries of A,A/v + i read 

(0, 0) : (eobf + w 0A bf + w , 2 bf + ■■■ + Wo^-ibfAcf, 
(1,1): (eibf + w l2 bf + ■■■ + wi^i^jc®, 

(L - 2, L - 2) : (^2*£. 2 + w^2,l-i&L) c® 2 , 

(L-l, L-l): e L ^b < f_ l ( J l 1 . 

Therefore tr^A^O = ££j e n&iM e) + Eo<m<»<L-i Wm,n & ® c m • If we remember w m ,n = ^JLo vJJ, = 
- Z Jo *« <#>, then we find tr(AjA;v +1 ) = j£o e n b^c^ - Z^o Zo< m <„<L-i b^c^bfc®; thus CL33> is 
verified. n 

By virtue of Lemma 17.11 together with (17.71) . the Hamiltonian function H t can be explicitly 
expressed as a polynomial in the 2N(L - 1) canonical variables q„ and p„ (1 < i < N;l < n < 
L - 1). Finally we arrive at the 

Theorem 7.2. The system Q LN is equivalent to the canonical Hamiltonian system 

r?im dql = dH l d$^_dHj_ (i,j=l,...,N 

{ - ] dsj ~ dp r dsj dq f \n=l,...,L-l 

where the Hamiltonian function Hj is defined by 

L-l N N L-l 



(7.1D ^ = x^m )+ Z E <&#«sw + E j^y. E «« 

n=0 j'=0 0<m<n<L-l 7=0 ! ^ m,n=0 

and 

N L-l 

_ (0) _ m _ i (0) _ y « (o _« - A. _ V O (o n (o 

i=l n=l 

We write the constant parameters contained in (|7.10l) as 
(7.12) i< = (e ,e u . . . ,eL-i,Ko,K U . ■ . ,Kl-i,9o,6u ■ . ■ ,0n), 
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whose number is essentially 2L + N - 1 according to (I6.12I ). Let < Hl,n = ^l,n(^) denote the 
Hamiltonian system (17. 101 ). Since all the differential equations originate from a single equation 
(11.31 ), the system IH^n is a priori completely integrable (in the Frobenius sense). Or it can be 
shown directly by noticing the following facts: (i) the 1-form to = £^i Htds,- is closed for an 
arbitrary solution of (17.101) : (ii) the relation 



S-\h,JS-\h ' " 



£ sMW 1 (■ * f> 



dsj) ' \dsi) J (Si-s;) 2 

■>> \ '/ vi 7/ m,n=0 

holds, where the symbol (d/dsi) denotes the differentiation such that q„ and p„ axe viewed to be 
independent of S{. These facts imply the commutativity of the flows induced by H\,H%, . . . ,H N . 

The correspondence between the canonical variables q„ and p„ and the dependent variables 
given in Sect.|4]is summarized as 

' > n o- n> - n (G i + l)o- o ,o(0o + l) 



(i) I \n n jM) 1 1 \ n rr (ft 

in 1 'X \ (') — < ~' n — I I 1 \ m ~ m+ l _ I ' \ Vn,-n\yi ' 

qn= ^ = \~oI U ~cZ { = Vol °^m+~ i)^-»(^o + 1) 

(7.13b) «M> = -b*<$ = 8 ^f = I 



e i o- n . h . n . l {e i -i)o- n ,- n (e i + \) 



0~n-n-\0~n-\-n 

Example 7.3 (Case N = 1). Let us restrict ourselves to the case N = I; thus 7-{ Ll becomes a system 
of ordinary differential equations. We begin with the case L = 2, which is the first nontrivial one. 
Write (q,p,H, s) = (q\',p\',Hu s\) and 9 = 9\. Then the Hamiltonian function can be expressed 

as 

u u r n , d(eo(s-l) + K -e) 

n - n m yao, a\, a 2 , a 3 , a 4 ; q, p) -\ — 

s(s-l) 

under the substitution 

do = eo - e\ + K\ + 1, ci\ = -K\ + 9, a 2 = -9, a?, = -eo + e\ + k q , CI4 = -Ko + 9. 

Here i/yi = #vi(«o, o.\, «2, «3, o-a', 1, P) denotes the Hamiltonian function of Pyi and is defined by 

s(s - \)H V i = q(q - \){q - s)p 2 

- ((a - l)q(q - 1) + a 3 q(q - s) + a 4 (q - l)(q - s)) p 
+ 02(^1 + a 2 )q 

with a, being constant parameters such that a + a\ + 2a 2 + a 3 + CI4 = 1; see lfT4ll20l . 

Now we turn to the case of general L > 2. Let (q n ,p n ,H, s) = (qY ,/?„ ,H\, s\) and 9 = 9\. 
Then the Hamiltonian function of < Hl,i takes a coupled form of P V i ones as follows: 

L-l 



(/.14J ti - >nyi(ao in ,ai :n ,a2, n ,ci3,n,a4,n,qn,Pn)-\ : 7- 

*-i s(s-l) 

n=\ ' 

(q m - l)p m q„((q n - s)p„ - K n ) + (q n - s)p n q m ((q m - Y)p m - K m ) 



+ 



I 



s(s-l) 

\<m<n<L-\ v ' 
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where the last term reflects an interaction and the correspondence of constant parameters reads 

«o,n = eo-e n + K n + 1, a 1>n = -K n + 6, a% n = -Q, a 3 ,„ = -e + e n + k , a^ n = -K + 6. 

Interestingly enough, as has been pointed out by Fuji and Suzuki (see [@J|26]|), the coupled Hamil- 
tonian (17.141) can be derived alternatively from the deformation of a certain linear system that is 
not Fuchsian but has one regular and one irregular singularities; cf. Sect. [6] It is expected to exist 
some integral transform (like a Laplace one) between the two kinds of Lax formalism. 

Remark 7.4. We cite the recent result by Dubrovin and Mazzocco [2J; they have studied Hamil- 
tonian formalism of the Schlesinger system associated with the general spectral type (cf. (16.141) ). 
Their construction is based on a scalar differential equation of higher order that is reduced from 
a Fuchsian system of the form (16.131) ; and the apparent singularities (see IfTOll ) produced by the 
reduction procedure are adopted as the half of the canonical variables, i.e., the generalized coordi- 
nates. The resulting Hamiltonian functions are rational in the canonical variables. It would be an 
interesting problem to transform the general Schlesinger system into a Hamiltonian system with 
the Painleve property (see [fT3l[T6l ) whose Hamiltonian functions are polynomials in the canonical 
variables, like 'Hzjv. 

8 Birational canonical transformations 

This section is devoted to birational symmetries of the Hamiltonian system "Hl,/v = < H LA t(k). Here, 
to be precise, a birational canonical transformation of variables (q„\pn\ •?;) is said to be a symmetry 
if it keeps the system invariant except changing the constant parameters k. 

First we translate the action of (r k ) discussed in Sect.[3]into birational canonical transformations 
of "Hl,/v- Note that (r k ) is isomorphic to an affrne Weyl group of type A^J_ V denoted by W(A^_ X ). 
For each k e Z/LZ, let r k {cr kn ) = o~k,n an d r k (cr mn ) = cr m ^ (m + k). Substitution of (14.11) and t = tj 
in (1331) yields 

Did- k ,„ ■ cr Kn = 0iO- k „ hn (6i - l)cr /t+li „(^ + 1) 

with the aid of (I4.2I ). Therefore we have 

N N 

^ hDi& Kn ■ (T k>n = ^ QitiCT k -x,n(6i ~ l)o~k+i,n(Qi + !)• 

!=0 1=0 

In view of the homogeneity (|4.4dl) we conclude that 

1 r 

(8.1) & k , n = / ' 0jti(T k - hn (6j - l)o- k+Un (9i + 1); 

(XkO~k,n j^f 

recall (I3.ll ). Similarly, we deduce from (13.61 ) that 

(8.2) ti(T k -.^ n+ i(6i - l)cr k+ln - cf k ^ + icr k ji(6j - 1) + fr k ^ n (6i - l)cr ytM+1 = 0. 

Through (14.51 ) and (14.61 ), the action of r k on (JmmSmtd is determined by (18.11 ) and (18.21 ) as follows: 



k^J k,n' J k,n 



( t At) 



yN . A j) 

^j=0 L JJk+l,n-\6k,n-l ) 
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r k\Jk+l,n-U ~ Jk+l,n 
r k\8 kn ) = g kn 

r (0 \ _ (0 



■(;) 



1- 



<!*. 



^ 



<•(/) 



,0) 



1 + 



_, ♦ A') , r« f fw; „wj 

Uki 'Jk+l,n~l " r *-'j=O l JJk+l,n-16k,n-l/ 

a ktifEn 



^ 



*-'j=O l jJk+l,nSk,nJ 

t A') (0 
a kHJk+l, n 8k,n 



U) Jf) ' 



■^7=0 l JJk+l,n&k,n 



,© „(9\ 



for n 6 Z/LZ. It is then easy to construct the corresponding transformation of (q„ ,p„) by virtue 
of (17.131) . Moreover, as has been mentioned in Sect. [31 the system *%,# enjoys another action (?>') 
of W(A L i 1 ) associated with the root variables fi k = -d m ^-i + 2d„ hk - d m ^+i + 1, which commutes 
with the previous one (r k ). 

Next we observe that a cyclic permutation of the suffixes n : (cr mfl ,d mn ) i-> (cr m+ i ( „_i,rf m+ i ( „_i) 
keeps the bilinear expression (|4.4I) of 'Hl.at invariant, and so does the interchange of suffixes 
P : (Vm,n,d m>n , U) h-> (cr nm , -d n<m , l/ti). These trivial symmetries can be lifted to birational canon- 
ical transformations of 7-(l,n- Note that n realizes a Dynkin automorphism which rotates simul- 
taneously the two Dynkin diagrams of type A^_ t and that p represents an interchange of the two 
diagrams. 

For notational simplicity we extend the suffix n of the canonical variables (q n ,Pn) and param- 
eters e„ and K n for any neZby the conditions (cf. (T7.13I) ) 

(0 

(0 _ (0 (0 _ Pn _ 1 _ 



We set 

(8.3) 






for < n < L - 1. It thus holds that Z^o <x„ = X^o b « = *• 
We now state the result. 

Theorem 8.1. The Hamiltonian system < Hl,n(J<) is invariant under the birational canonical trans- 
formations r n , r n ', n, and p (n = 0, 1, . . . ,L - 1) defined as follows: 

• Action on the parameters k. 

r n . e n \— * e„ + ct„, c n+ i i—» c n+ i — <x n , K n \—* K n + <x n , k h+ \ \— > K n+ \ — <x n . 

1 



p : e n h> /c L _„ - <? L _„ 



iM 



+ 1 , K„l-» Kl-« • 
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(0 J0\ 



• Action on the canonical variables (q n , p„ ). 



r„ (n ?t 0) : 



In ^ q n + 



«n(dn +l -<in) 

a +y N a U) D uy 



P« h ^ Pn 



1 + 



0„ 



N JJ) JJ) ' 



Y' v a y]> if' 



(0 (0 

P«+l ■"» P„+l - 



a o® 

u nFn 



ro 



J 1 ) l_> /J© 



yW 0) 0) 
Zjj^Hn+lPn 

,© 



a (<7, - 1) 






Fn ^ Prc 






pf»\pf- 



%pf 



Zjj=o a i Po 



1 + 



(n * 1), 
ao(«? - 1) " 



N JJ) JJ) 



% + Lj=0 °\ Po 



r n ' (n * 0) : 



& - & + 



*»(<?L-i " <??-») 



'o 



pL - P?-„ 



' L-n-l Jr L-n- 






Pn ^ P« 



b + y w J j) n (i) ' 

'i + b N 

Z^j=Q c lL-n-l"L-n 
u (0 

Uq% ~ 1) ] 

°o<l-i + Zjj=qG-iP ' 
h(q% ~ 1) 1 



1 + 



N JJ) JJ) 



Pl-i m 



p2 



bop[, 
^ „0)„(/) 



1 + 



(ngfcL-1), 



Lj=0 1-lPo J\ D + Z, 7 =0 Q-lPo 



^ • <?« ^ m > Pn ^ P„+l?l ■ 

S t Si 



„© l_» c.„© 



{Here we have omitted to write the action on the variables if it is trivial.) Moreover, these trans- 
formations satisfy the relations: r n 2 = (r„r„+i) 3 = (r/) 2 = (r n 'r n± i') 3 = n L = p 2 = id, nr n = r n+ in, 
nr n ' = r n -\'n, and pr n = r„'p. 

Let us explore further symmetries of *Hl,n besides those in Theorem 18.11 First we consider a 
symmetry shifting the parameter 0,- to 6>; - 1 at the level of the variables /„,,, and g„ n . It readily 
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follows from (1431) and (1431) that 



(8.4) 



p(0 



0»« - D = 



(0 

•'m+l,«" 



,(0 

' m+l,n— 1 



Combining this with (14.111 ) shows that 



(8.5) 



We observe for i ± j that 



cm - 1) 



tU (iJ) s & 

l i K - J m,nSm,n 

t-V (iJ) s (i) 



AD 



Cl* (i*f>- 



yU) 



(8.6) g^Bt - 1) = Gj 



C m -l,n-l(6i - 1> Qj ~ l)o~ m ,n(@i ~ 1> 6j + 1) 



0~m,n-l(6i — l)cr OT _i-(0j - 1) 



X 



*« _ °~m-l,n-l(9i — l,Qj — l)o~m,n 



?j 0~m,n-l(dj — l)0"m-l,n(0j - 1) 1 ^ £ 
°~m,n-l(6i — l) cr m-l,n(^;' _ 1) 



,0) 

>m,«+l rj(ij) 
~) m,n+\ 

m,n+\ 

(J) 

(A m,n+l' 

';7?,n+l 



HO 



tifm^+M ~ !) 



rO) 



-1 



'J m+l,n+l£>m+l,n 



>m,n+l .Jy) 

m,n+l ' 



/ 



(;) \ 



using (1431) . 



' m,ft+ 1 



<•(/) 



Jj/n+l,n+lo«i+l,n °m,w+I / 



£/. 



(ij) 

m,n+l ' 



using (1841) . 



By (14.131) we have 
(8.7) 



gg„(^-l) = ^,„-l-X^n(^-l)- 



/# 



using (I4.4al) . 



The transformations (18.4-1) — (18.71) provide a symmetry of the system Ql,n, (14.121) . shifting the pa- 
rameter 8i to 0; - 1 ; however, they do not naively give a symmetry of < Hlm- To reach a birational 
canonical transformation of < Hl,n, we need to combine a trivial symmetry of (|4.12l) shifting the 



suffixes: (/£;„, g^ n , d m ,„) h^ (/„_ li „,g„_ 1> „, d m -i,»)- As a result we obtain a symmetry 77,- ofHzjv 
which acts on the parameters as 0; i-> 0,- - 1 and a n i-» a„_i; see Theorem 18.21 below. We do not go 
into detail of computations. 

It is easy to find a group of symmetries (& 7 }(- Sjv+i), which is generated by a permutation of 
the singularities z = u t = 1/s, (0 < j < 7Y) of the associated Fuchsian system; see Sect. [6] 

Finally we deal with a symmetry deduced from the bilinear expression ofH LN again. Observe 
that (14.41) is invariant under the transformation 

{ : Vm,n — Vm,n\y> *) l— * C-m-l.-n-lV "■> *)■> "-m,n h ^ "-m-l,-n-l> "i l— * c?i- 

Hence we have 



(8.8) 



Ll '" ''Uj o-U9i + l)o- n J6 + 1) 



using (I7.13ab . 
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tX cr_ n _! !(0j - l)o-_i_i(0 o - 1) 



t ) 0-_i _i(0; - l)o-_, 1 _i,„_iC6'o - 1) 



an 



-l „(0 „(0) 



■>m,-tn5 m+ i - m -\ Jm+\,-m 



f 



(/) 



>(°) „(') 



m=-« 6m,-m& m+ i - m -i J m +l,-m 



1 -//i 



(0) 



using dM 



* (0 s m 1 

6-n,n60,0 i 

lO) ©~ (0 
o-n,n§0 o ^ -'i 



Similarly, it follows that 
(8.9) 



, m [,-,. | ft 0"n-i,-»-i(ft - l)cr n n (6i + 1) 

«/v) = « I t — 

*-> v n - n -\<T n -\- n 

ft 0-- n>n (6i + l)£T_ n _i )B _i(^ - 1) 



L 

(0 (0 



" —n—\ji™ —n,n—\ 



using (TTHbl) . 



These formulae (|8.8I) and (18.91 ) define a birational canonical transformation of "yYzjv. 
The above results are summed up in the 

Theorem 8.2. The Hamiltonian system 1~Il,n(k) is invariant under the birational canonical trans- 
formations r\i, gij, and i(i, j = 0,1,. ,.,N;i £ j) defined as follows: 



Action on the parameters k. 



1 



rji : e„ i-> e„_i + -, K n i-» /c„ - e„ + e n . u ft i-» Q x - 1. 
t : e„ m> -e L - n + 1, /c„ i-» -/c l _„, ft h-> -ft. 



CO „(0\ 



• Action on the canonical variables {q n , /?„ ). 



»7* : 



(y L D {i) \(y L D {i) a (]) \ 
jji ,_> „ r«(^ - ^ m=1 m > \ m=1 Pn - mq "- ,n ) 

^Z-im=l Fn-mj yZ-tm=l F-mH-m) 

1 5- (n 01 P 01 ^ L 



(/brVj), 



/#> H+ Tft^) 



c/h 



^ ■-» 



»7i(?») 



n /'^OX c. - c. „(') „(0 

*■„ - e n + e„_i - J] miln^Pn 1 ) 



/ j P n-mQn-m \J * 2J ; 



/n=l 



7*1 



£t J (.i,j±0):s i ++sj, £>+*£>, pV ^ P\ 



,(0 



,01 
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(0 (0) (0 (0 (0) 

(0 s JFl-A (0 . . K-APl-n 



1 '■ Qn l_ * Ffvi 77T' ^n 



I— > — 



(0) (0 ' ™ (0) 

Remark 8.3. We may regard a,„ b„ (1 < n < L - 1) and 0,- (0 < i < N) as the 2L + N - 1 
constant parameters of 'Hljv instead of k\ see (17.121) and (|8.3I) . For reference we summarize how 
the birational symmetries in Theorems 18.1 1 and |8.2| act on a„, b„, and ft below. 

r„ : o„ i-> -a„, a„ ±1 i-> a„ ±1 + a„. 

r„' : b„ m> -b„, b„ ±1 h^ b„ ±1 + b„. 

7r : a„ h-> a„ +1 , b n i-> b B _i. 

p : o„ ^ b„. 

77,- : o„ m> a n _i, fti->ft-l. 

k : ft ~ 9j. 

i : o„ i-^ a L _„, b„ i-^ b L _„, ft ^ -ft. 

Recall that the groups of canonical transformations (r n ) and <r„') mutually commute and each of 
them gives a birational realization of W(A^ { ). 

Remark 8.4 (Additional symmetry valid for only N = I). Let us consider the case N = I. Write 
(q„,p n , s) = (qi ,p„ , Si) and 9 = ft. We then find another symmetry given as follows (see also 
the appendix): 

( e i-> k - eo - 1, e n ^-e L - n (n^O), 

K Q l-> /Co, K n l-> -K L - n (n ^ 0), 6 l-> /Co - ft 

SPL-n qL-nJKL-n ~ QL-nPL-n) 

q n \— > , p„ i— > . 

qh-nPh-n - K-L-n S 



f 



A Case L = 2: the Gamier system 

If L = 2 then the canonical Hamiltonian system *Hl,n is equivalent to the Gamier system in N 
variables (see [|5]|). This fact is guaranteed by the Lax formalism given in Sect. [6] But, however, 
our polynomial Hamiltonian function (17.111) is different from that given in IfTTI (see also [6]). In 
this appendix we describe explicitly the canonical transformation between the two Hamiltonian 
systems. 

First we concerns the general (L, N) case. Define the canonical transformation (qll ) ,p„\H i , s t ) m 
(JQ^, if, H h Si ) by 
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Clearly the new Hamiltonian function H t becomes again a polynomial in Q® and P„ . This canon- 
ical transformation is, in short, derived from an interchange of the roles of b„ and c„ in the defini- 
tion (|7.6I) of the canonical variables. Note that only if N = 1 it keeps the form of the Hamiltonian 
function unchanged, thereby giving rise to a birational symmetry; see Remark [841 

Next we let L = 2 and write the variables as (Qf,Pf) = {qi,pd for i = 1,2,..., N. The 
Hamiltonian function H t thus takes the following expression: 



/ \ 



Si(Si - \)Hi = q t 



i 



\ j i 



*1 + Yj qjPj Xl-h + J] q J Pj 



+ stpiqtpi + 6 t ) 



v j ) 



- ^ RjiiqjPj + dj)qiPj - Y^SiMtPi + QtojPi 

- X R UljPj(liPi + 9 i) ~ J] R ij4iPi(QjPi + fy 

- (s t + \){qiPi + BdqtPi - (0 N+2 Si + 9 N+l + l)^p f 

modulo some function in only s = (si, . . ., s N ). Here we put R t j = s t (Sj - l)/(Sj - s^, 5,- 7 - = 
Si(s t - l)/(Si - sj), 6 N+ i = di fl - di,i - 1/2, e N+2 = d u - J ,i - 1/2, and /ci = (^fJo 2 B i + l ) I 1 - The 
symbols 2 ; an( l 2/(^0 stan d f° r the summation over j = l,2,...,N and over j = 1, . . . , i - 1, i + 
\,...,N, respectively. This is exactly the (usual) polynomial Hamiltonian function for the Gamier 
system; cf. HTTLI30TI. 
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